We simulated the three-dimensional contraction of the lateral rectus muscle using the nite element method. We proposed a hyperelastic, transversely isotropic constitutive model for extraocular muscle, which incorporates the force-lengthactivation relationship and the effect of changes in fraction of interweaving tendon. The model successfully reproduced the experimental force-length-activation relationship when applied to a unit cube for validation. We also propose a method to incorporate the effect of tendon weaving using the tendon fraction. The electrical potential method was applied to de ne the ber direction and tendon fraction in muscle geometry derived from magnetic resonance imaging. Finally, the model was applied to a forced duction test of the lateral rectus muscle. Although our model requires further validation, the proposed constitutive model and de nition of geometrical information are a step toward future medical application by facilitating three-dimensional modeling with improved accuracy.
Introduction
The success rate of strabismus surgery is less than 20%, and some patients require further surgery because of undesirable deviations in ocular alignment [1] . A possible reason for the low success rate is inaccurate estimation of biomechanical consequences due to individual variation. To better understand the complex three-dimensional (3D) extraocular muscle system, mathematical models of orbital biomechanics have long been studied. Robinson et al. [2] constructed the rst quantitative model representing the mechanical state of six extraocular muscles to estimate the correction by strabismus surgery. Since then, improved extraocular muscle models have been reported, such as the SQUINT model [3] , the graphical user interface gaze mechanics simulator Orbit™ [4] , and the interactive environment for strabismus surgery SEE++ [5] . In most of these models, the anatomy of the extraocular system is simpli ed, with the extraocular muscle represented by a string or a set of strands, and the surrounding materials as constraints on muscle paths. Although the models predict the general movement and consequence of the extraocular system, this simpli cation limits the models ability in three ways. The rst is insuf cient consideration of the 3D interaction of muscle with surrounding material and the 3D behavior of the material itself (such as shear or bulk modulus). These 3D characteristics are partially addressed by adding constraints to the string model. However, this leads to the second limitation: the model requires many assumptions and the parameters do not necessarily have physical signi cance. Finally, the estimation of parameters for a different geometry is laborious and especially dif cult in the absence of parameters having physical signi cance. These limitations hamper application of the models for medical purposes, because they do not allow better estimation of surgery by customizing the model.
The nite element method can be employed to overcome the above problems, because it requires fewer assumptions and retains the morphology better, and its power to reproduce the highly nonlinear 3D dynamic movement of an anisotropic muscle has been demonstrated. The method is widely used in analyzing the mechanics of skeletal muscle [6] [7] [8] [9] and cardiac muscle [10] [11] [12] [13] [14] [15] [16] [17] [18] . However, there are few reports of applications of the nite element method to the mechanics of extraocular muscle, which differs in morphology and mechanical properties from skeletal and cardiac muscles. Schutte et al. [19] constructed a nite element extraocular model, in which the geometry was derived from magnetic resonance images (MRI) of the orbit structure, and the model contained the rectus muscles, fat, eyeball and socket nely meshed. However, the applied mechanical properties ignored anisotropy, the force-length relationship and the existence of tendon.
This paper complements the previous work of Schutte et al. [19] by improving mechanical representation. We propose a transversely isotropic constitutive model representing the activation-force-length relationship of extraocular muscle. The effect of tendon, which is woven into the muscle and occupies a certain fraction of the muscle volume, is also incorporated, assuming it to be a ber reinforced composite. We also present a process to dene the ber and tendon distribution appropriately for the extraocular muscle geometry. The model was applied to the lateral rectus muscle. Finally, the proposed model was validated in a forced duction test.
Method
In previous work carried out by Schutte et al. [19] , the extraocular geometry was obtained from frontal MRI scans of a healthy female gazing ahead. The bony orbit, muscles and eyeball were segmented and nely meshed using tetrahedral elements. This previous study had several limitations: the given active stress ber direction was rectilinear and coarsely followed the shape outline, the existence of tendon and the force-length relationship was ignored, and the material property was modeled as isotropic despite the presence of strong anisotropy. In this study, modeling of the mechanical properties was improved.
Constitutive Model for Extraocular Muscle
Blemker et al. [20] proposed a transversely isotropic hyperelastic constitutive model for skeletal muscle using new strain invariants introduced by Criscione et al. [21] , which have direct physical interpretations for transverse isotropic material. We adopt the same approach because of its superiority in modeling transversely isotropic material (see Discussion). The material constitutive behavior is characterized by three invariants of the right CauchyGreen strain tensor C; namely, the ber-directional stretch (λ), ber-directional shear (β 1 ), and cross-ber shear (β 2 ):
where Ĩ j is the j th reduced invariant of C. (See Fig. 2 of [22] for the physical meaning of these invariants.) Using the above invariants, the strain energy function for extraocular muscle is expressed as
where W 1 is the ber-directional shear potential; W 2 is the cross-ber shear potential; W 3 is the ber-directional tensile potential; W v is the volumetric potential; and θ is the gaze effort that corresponds to activation of extraocular muscle. Only W 3 depends on gaze effort. W 3 comprises active and passive tension, whereas the other variables are purely passive. We assume that each component of shear stress is linear and solely depends on the corresponding shear strain invariant. Therefore, W 1 and W 2 are simply expressed as
where G 1 and G 2 are the along-ber and cross-ber shear moduli respectively. Regarding ber direction, we assume that ber-directional conventional stress f(λ, θ) is a function of length (stretch ratio, λ) and gaze effort (θ). W 3 follows the relationship
Accordingly, the second Piola-Kirchhoff stress S is expressed as
where N is a normal vector in the ber direction and p is pressure. The above equation de nes the constitutive relationship between stress and strain, as long as G 1 , G 2 and f(λ, θ) are given as described in the following section.
Force-Length-Gaze Effort Relationship of Extraocular
Muscle Robinson et al. [2] measured the isometric tensions of lateral rectus muscles at different gaze efforts during strabismus surgery ( Fig. 1 , reproduced from [2] ). After the lateral and medial recti were detached, the isometric muscle tension was recorded using a strain gauge attached to the lateral rectus, while the patient was instructed to make saccadic xation changes from the primary position to angles of ±15 ±30 deg. Hereinafter, the temporal direction is de ned as positive θ. We convert the force-length relationship of the whole lateral rectus to the stress-strain relationship of muscle tissue (without tendon) considering the rectus to have a cross-sectional area of 20 mm 2 [23] and effective length of 40 mm by subtracting the length of the mainly tendon part of the rectus, assuming that tendon is far stiffer than muscle.
To express this stress-strain relationship of extraocular muscle tissue, we employ an approach similar to that used for skeletal muscle [20, 24] . Conventional stress f(λ, θ) is expressed as the sum of the passive force f p (λ) (corresponding to the curve PM in Fig. 1 ) and active force f a (λ, θ) (corresponding to the dotted lines). We adopted the functional form of f p from skeletal muscle [22] . With regard to f a , linear dependence on activation assumed for skeletal muscle is not appropriate for extraocular muscle, and we thus propose the dependence in the following manner. First, we assume f a (λ, θ) = a 1 exp{−a 2 (λ − λ opt ) 2 }, approximated from the human extraocular force-length relationship measured by Robinson et al. [2] ( Fig. 1) , where a 1 and a 2 are second-order functions of θ, and λ opt is the optimal stretch that exerts the maximum force. At each gaze effort, a 1 corresponds to the maximal active force and a 2 determines the curvature, which can be obtained from the λ = 0 intercept. Table 1 shows the maximum forces and intercepts of active forces (broken line) at θ = 30 N, 15 N, 0 , 15 T, and 30 T obtained from the graphs shown in Fig. 1 . We then assume a 1 and a 2 to be second-order functions of gaze effort and t coef cients of a ij in Eqs. 11 and 12 using the values in Advanced Biomedical Engineering. Vol. 4, 2015. Table 1 , employing the least-squares method. We nally obtain the equations
where λ mp is the minimal stretch that exerts a passive force, with the parameter values shown in Table 2 .
Description of Tendon
Anatomically, no strict separation of muscle and tendon has been found in extraocular muscles. Collagen bers interweave with muscle bers. There is 100% collagen (tendon) anteriorly (to 5 mm) and mainly muscle bers posteriorly. To describe the gradual change in material properties, we de ne the tendon fraction γ (0 ≤ γ ≤ 1), and assume that the ber direction of tendon runs solely parallel to that of muscles. Under this assumption, muscle with weaving tendon can be considered as unidirectional ber-reinforced composite. We adopt Halpin-Tsai equations [25] to describe the reduced moduli from the moduli of ber (tendon) and matrix (muscle). Regarding the ber direction, the parallel spring model can be used when the two constituents have the same Poisson ratio; in this case, both are incompressible.
For the shear modulus,
In the case of ber directional shear (i = 1), ζ 1 = 1. In the case of cross-ber shear (i = 2) though, ζ 2 depends on the ratio of the plane strain bulk modulus to the transverse shear modulus of matrix constituents (muscle). We approximate ζ 2 ≅ 1 because the uncertainty in γ exceeds the effect of ζ 2 . Therefore,
Applying the above f weave and G weave i
to Eqs. 1 and 7, a gradual change in muscle property is obtained with thinning of the weaving tendon.
Distribution of Fiber Orientation and Tendon
We use the tetrahedral mesh of lateral rectus muscle previously obtained from MRI images and meshed using the Patran software (Fig. 2) [19] . We choose the lateral rectus muscle to simplify the problem. Because obtaining the ber direction and tendon fraction simultaneously with the geometry for the same MRI measurement is dif cult, it is practical to add the information afterwards according to anatomical knowledge. We de ne the ber direction by applying the electrical potential method, which is a mapping method proposed by Hisada et al. [26] . Using this method, the ber direction is mapped along the simulated electrical ux virtually applied between the edges of the lateral rectus mesh. All the muscle paths are supposed to be continuous along the surface and do not cross each other, which is analogous to the path of electrical ux when electrical potential is applied between the edges of muscle bers. Electrical potential ϕ is calculated by solving the Laplace equation
, and the ber direction N is de ned as
where S edge0 and S edge1 are the surfaces where muscle ber starts 
and ends, and S other is a surface other than S edge0 or S edge1 . n s denotes a vector normal to the surface. The Neumann boundary condition ensures that the ber does not extend from the mesh surface other than at the two edges. In applying the mesh of the lateral rectus muscle, we set the surface of the base for S edge0 and the insertion for S edge1 .
In de ning the tendon fraction, we use the potential ϕ obtained above, which can be regarded as the normalized (though the scale is exponential) position from the insertion to the base. We set the tendon fraction γ as
Here, the range 0.70 ≤ ϕ < 1.0 corresponds to a distance within ∼5 mm from the insertion, and ϕ = 1.0 corresponds to a distance ∼20 mm from the insertion.
Boundary Conditions and Calculations
We rst performed calculations to validate the proposed constitutive model for muscle tissue (without tendon) and our simulation programs. A unit cube (1 mm × 1 mm × 1 mm) consisted of 48 tetrahedral elements with purely axial ber orientation. Six calculations were performed, comprising one passive calculation without the active tension and ve calculations including the active tension xed at −30, −15, 0, 15 and 30 degrees. Axial displacement was xed at zero on one of the surfaces normal to the ber axis, and was varied from −0.2 to 0.2 mm on the other. On other surfaces parallel to the ber axis, stress was set to zero.
In calculations using the ber-tendon composite constitutive equation applied to a mesh of the lateral rectus muscle with calculated ber and tendon distribution (LR model), the displacement of all nodes on the basement was xed, insertion nodes were xed along the line parallel to the orbital axis as shown in Fig. 2 , and stress was set to zero on other surfaces. In the forced duction test, loading in the direction of the orbital axis at the insertion was increased incrementally until the length of the displacement at the insertion reached 8 mm.
The type of tetrahedral element was 5/4c. All codes (including solver and nite element integration) were written in Fortran, and the computation was performed using an Intel Xeon central processing unit (3.2 GHz).
Results

Validation of the Proposed Constitutive Model for Mus-
cle Tissue For validation of the proposed constitutive model for muscle tissue and our nite element method code, we rst simulated theber directional tension test with a unit cube consisting of 48 tetrahedral elements. The simulated force-length relationship for varying gaze efforts of −30, −15, 0, 15, and 30 degrees is plotted in Fig. 3 . We veri ed that the simulated relationship is consistent with previous experimental results as shown in Fig. 1 (reproduced from [2] ). Figure 4 shows the calculated ber direction (a, b), and fraction of tendon (c, d) of the lateral rectus muscle in superior (a, c) and lateral views (b, d). Each short line segment indicates the ber direction of a tetrahedral element (a, b). Smooth changes in ber direction along the outline of the muscle belly were observed. In c and d, muscle is colored red and tendon white, and the mixed region is a gradation of red and white according to the fractions of muscle and tendon.
Distribution of Fiber and Tendon
Free Contraction with the LR Model
Applying the above ber direction, tendon fraction and muscle-tendon composite constitutive model, we simulated the deformation upon changing gaze effort without loading. Gaze effort was increased incrementally by 5 degrees from −30 to +30 degrees. Figure 5 shows the deformation, color coded to indicate the distribution of the ber-directional stretch ratio. Upon increasing the gaze effort, the muscle gradually contracted, and the insertion was displaced 9 mm. The stretch ratio was mostly within 1 (shortening) due to the absence of a load, although small local lengthening (stretch ratio less than 1.04) was observed under a large gaze effort, with a boundary condition and geometrical factor. For each gaze effort, the stretch ratio was reduced toward the direction of insertion. This was due to the increasing fraction of tendon, which is stiffer than muscle and does not actively generate force. Around the rectus muscle belly, the stretch ratio was relatively homogeneous, although the periphery of the muscle was slightly elongated compared to the center because of isovolumic contraction. We observed that the LR model skewed to rotate the eyeball in a superior direction with a shift in gaze effort in the temporal direction.
Forced duction Test using the LR Model
Next, a ber-directional forced-duction test was simulated for varying gaze efforts of 30, 15, 0, −15, and −30 degrees. The simulated force-length relations of the whole lateral rectus muscle at various gaze efforts are shown by solid lines in Fig. 6 . The change in length of the LR model was calculated as displacement of the insertion, with the original position assumed at a point when passive muscle exerts a force of 2 g. Dotted lines show the unit-cube tension-length relationship for comparison, assuming effective muscle length in this model as 30 mm. When gaze effort was negative, the simulated force-length relationship in the range of small length change was in good agreement with the unit cube tension-length relationship. However, we noted disagreement when gaze effort was positive. In particular, the force-length relationship was nonlinear when the change in length was large.
Discussion
The objective of this paper is to present a constitutive model and scheme with which to de ne geometric information of extraocular muscle for 3D nite element analysis of orbital biomechanics. This section describes the new features of our model and discusses the prospects for future medical applications.
Constitutive model for extraocular muscle
We propose a hyperelastic, constitutive model for extraocular muscle tissue. Our model successfully reproduced the forcelength-activation (gaze effort) relationship of extraocular muscle when applied to a unit cube for validation. Additionally, we propose a method to incorporate the effect of tendon weaving using the tendon fraction. These features were realized by applying the new invariants (λ, β 1 , and β 2 ) proposed by Criscione et al. [21] , which have direct physical interpretations, allowing explicit and independent representation of the material in each direction.
De nition of ber and tendon
In nite element analysis of transversely isotropic material, aber direction vector is needed as input for each element in the mesh. The importance of obtaining the proper ber orientation upon muscle simulation has been recognized. Tang et al. [9] showed that the ber direction affects the deformation and strain distribution in skeletal muscle simulations. Washio et al. [27] optimized heart ber directions and obtained an ejection volume that was more than 10% better than that of the initial mapping of ber directions. Although ber orientation is measurable, many measurements are required. Therefore, in nite element analysis, the ber direction is often mapped according to anatomical knowledge, such as the outline of the fusiform [9] , polynomial ts [8] , or interpolated splines.
We applied the electrical potential method proposed by Hisada et al. [26] , which is a modeling device used to project orientation-related characteristics (in our case, the ber direction itself) according to the electric current orientation obtained by virtually electrifying a muscle section. We only needed information of where bers start and end as the boundary condition for virtual electrifying, and these are already de ned as the insertion and basement. The electrical current-based orientation obtained is consistently smooth and continuous along the outline. In addition, the process can be automated for future applications.
The virtual electrical potential was subsequently used to dene the continuous thinning of the tendon. Without the tendon, the thinner part of the muscle near the insertion was unrealistically elongated under loading (data not shown). In contrast, when the bundle was partitioned into tendon and muscle, the tendon barely stretched whereas the muscle portion at the boundary with the tendon had large localized strain. Our proper de nition of tendon based on anatomy successfully avoids strong nonlinearity caused by morphology. However, to our knowledge, experimental measurements of material responses to change in fraction of weaving tendon have not been reported. Our assumptions for the constitutive model and distribution of tendon require experimen- 
Limitations and future directions
As the rst limitation of our model, in the forced duction test using the mesh structure of the lateral rectus muscle, we observed disagreement of the force-length relationship compared to the reference experimental data. This disagreement is inevitable, because we used the experimental results for the whole-rectus tension test (which re ect morphology and material distributions) to de ne muscle segment properties. The disagreement might be avoided if we t the model parameters by comparing the simulation curve of the LR model (applying the composite constitutive equation on the whole rectus with distributed tendon and ber) with the experimental curve. However, this approach is not possible, because 1) it has a huge computational cost, 2) the proposed parameters would nevertheless be unreliable owing to uncertainty in material properties and the distribution of tendon, and 3) it defeats the bene t of using new invariants to obtain direct and explicit expression and applying the results of an experimental forced duction test to a constitutive model. For fundamental solution, we need experimental material data for individual muscle segments, because the material property is not homogeneous throughout the muscle. In particular, material properties are affected by the existence of tendon. After obtaining comprehensive experimental data, our model can be improved and validated further. Second, we observed that the lateral rectus muscle skewed to rotate the eyeball in a superior direction. Because we could not nd a reference to the lateral rectus exerting a force to rotate the eyeball in the superior direction, we suppose that this movement is incorrectly caused by oversimpli ed boundary conditions. The basement should be connected to the socket more posteriorly, and the surrounding fat should provide resistance against bending. Integrated simulation including interactions with the whole extraocular system, such as displacing the orbital fat and making contact with the eye socket, would provide medically signi cant insights.
The important feature of the 3D nite element analysis is the ability to evaluate the effect of morphological differences and interactions with the surrounding materials. This is important when taking individual differences into account. Our proposal of a constitutive model and de nition of geometrical information is a step toward future medical application through facilitating modeling with improved accuracy.
